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We investigate the predicted lateral shift of a normally incident electromagnetic beam upon reflection off an
antiferromagnet in an external magnetic field in terms of power flow. In the absence of damping, there is power
flow along the interface in the reststrahl regions, even at normal incidence, and this leads directly to a shift
similar to the Goos-Hänchen shift normally associated with oblique incidence radiation. In the bulk regions,
such a shift is still possible even without this type of power flow. In this case the beam transmitted into the
antiferromagnet is displaced in the direction opposite to that of the reflected beam, thus ensuring overall flux
continuity.
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I. INTRODUCTION

The lateral displacement of a finite electromagnetic beam
reflected at an interface was first observed experimentally by
Goos and Hänchen1 in 1947, and such shifts are usually re-
ferred to as Goos-Hänchen shifts. In the past, they were
mainly associated with total internal reflection,2 but this does
not need not to be the case. In fact, simple oblique incidence
reflection off a metal involves some sort of Goos-Hänchen
shift, and this shift may be positive or negative according to
the polarization of the incident beam.3–5 Other examples in-
clude reflections off weakly absorbing dielectric3,6 and
double negative7 media, strongly absorbing media,8 and pho-
tonic crystals.9 Furthermore, we have predicted that, at fre-
quencies close to the magnon resonances, a Goos-Hänchen
shift associated with external reflection off an antiferromag-
net should be possible even at normal incidence.10

There are several ways of interpreting Goos-Hänchen
shifts, including use of the modified plane wave reflection
model of Lotsch,11 the ray optics models of Kogelnik and
Weber12 and of Snyder and Love,13 and the quantum model
of Agudín.14 Here we highlight two approaches that are es-
pecially useful in the present study.

The first approach is to consider any incident beam as
made up of a series of plane waves, each with a slightly
different incident angle so that if the phase change upon
reflection is angular dependent, there will be mutual interfer-
ence between the reflected waves. This interference mani-
fests itself as a lateral displacement of the reflected
beam.15–17 A particularly satisfying version of this approach
is the angular spectrum model16 in the form expressed by
McGuirk and Carniglia.17 This method employs a full inte-
gral of all the plane waves making up the incident beam yet
is able to predict the Goos-Hänchen shift in a very simple
way.

The second approach is to consider energy conservation
using the model of Renard.18 If there is energy flow along the
interface, as occurs when evanescent waves are excited in the

second medium due to obliquely incident radiation in the
first, energy conservation requires that the reflected beam be
displaced along the surface in the same direction as the en-
ergy flow. A detailed analysis of energy flow in the case of
reflection of a Gaussian beam is given by Lai et al.19

In our previous report on the normal incidence Goos-
Hänchen shift,10 the results were interpreted using an angular
spectrum model based on that of McGuirk and Carniglia.17

This model shows that nonreciprocity in the phase of the
reflected radiation is necessary to induce such a shift. This
type of nonreciprocity should indeed exist in the case of
external reflection off an antiferromagnet in the presence of
an external magnetic field.20 It may occur both within the
reststrahl frequency regions, for which reflection is total �ig-
noring damping�, and in the bulk frequency regions, for
which a proportion of the incident radiation propagates into
the sample. A normal incidence Goos-Hänchen shift is there-
fore predicted in both types of region. In the present paper
we study the power flow associated with such a shift.

In the traditional power conservation model of Renard,18

Goos-Hänchen shifts are associated with energy flow, via
evanescent fields, along the interface. In the present case of
normal incidence reflection off an antiferromagnet, such eva-
nescent fields exist in the reststrahl regions but not in the
bulk regions. A full understanding of the associated Goos-
Hänchen shift therefore requires a detailed analysis of the
power flow both at reststrahl region and at bulk region fre-
quencies, and this is the aim of the present work.

The plan of the paper is as follows. In Sec. II we examine
power flow associated with a plane wave normally incident
on an antiferromagnet in the presence of an external mag-
netic field and derive expressions for the direction of power
flow within the antiferromagnet. In Sec. III we use these
results to model the lateral shift in the reststrahl regions,
ignoring damping, of a finite incident beam, using energy
conservation principles. Section IV then compares these re-
sults with those of the angular spectrum model used in the
previous paper.10 In Sec. V we examine the energy flux as-
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sociated with reflection of a normally incident Gaussian
beam, comparing the behavior in reststrahl regions to that in
the bulk regions. For most of the analysis we ignore damping
so that we can directly follow the flux lines in a manner
similar to that employed by Lai et al.,19 but we nevertheless
briefly discuss the effect of damping on the power flow. Fi-
nally, in Sec. VI we offer some overall conclusions.

II. POWER FLOW ON PLANE WAVE REFLECTION OFF
AN ANTIFERROMAGNET

We first consider the power flow associated with plane
wave reflection off a semi-infinite antiferromagnet in the
Voigt geometry. Although the main purpose of this section is
to derive expressions for power flow resulting from normally
incident radiation, we do not restrict the analysis in this sec-
tion to normal incidence. This is because, in the later part of
the paper, we use some of the intermediate results obtained
for nonzero incident angles in the angular spectrum analysis
of Goos-Hänchen shifts and in the simulation of the reflec-
tion of Gaussian beams.

The basic geometry is shown in Fig. 1. We consider
s-polarized incident radiation whose electric field contribu-
tion lies along the z axis. The plane of incidence is xy, with
the y axis normal to the sample surface. The anisotropy axis
of the antiferromagnet is along z, and an external field B0
also lies along this direction.

The magnetic permeability tensor of an antiferromagnet,
having both its anisotropy field and an external field directed
along the z axis, is given, at frequency �, by21

� = � �1 i�2 0

− i�2 �1 0

0 0 1
� , �1�

where

�1 = 1 + �0�2BAMS�Y+ + Y−� , �2a�

�2 = �0�2BAMS�Y+ − Y−� , �2b�

Y� = ��r
2 − �� � �B0 + i��2�−1. �2c�

Here BA is the anisotropy field, MS is the sublattice magne-
tization, � is the gyromagnetic ratio, and � is the damping

parameter. �r is the zero-field magnetic resonance frequency
given by

�r = ��2BABE + BA
2�1/2, �3�

where BE is the exchange field. From the above equations,
we see that the permeability tensor is diagonal ��2=0� in the
absence of an external field, but the antiferromagnet becomes
gyromagnetic ��2�0� if B0 is nonzero. This is the source of
the effects studied in the present paper.

We first consider the wave vectors in the two media
shown in Fig. 1. The in-plane component is the same in both
media and is given by

kx = k0 sin �1, �4�

where k0=� /c and �1 is the angle of incidence. The y com-
ponents in layers 1 and 2 are given by22

k1y = �k0
2 − kx

2�1/2, �5a�

k2y = ���vk0
2 − kx

2�1/2, �5b�

respectively, where � is the dielectric constant of the antifer-
romagnet and �v is its Voigt permeability given by

�v = ��1
2 − �2

2�/�1. �6�

The complex reflection coefficient is given by22

r =
k1y�v − k2y − ikx��2/�1�
k1y�v + k2y + ikx��2/�1�

, �7�

with overall reflectivity R=rr�. The complex reflection coef-
ficient, in terms of the electric field, is simply 1+r, giving

t =
2k1y�v��2/�1�

k1y�v + k2y + ikx��2/�1�
. �8�

We now turn to the power flow itself, as represented by
the time-averaged Poynting vector,23

�S� = 1/2 Re�E 	 H�� . �9�

In the Voigt geometry, the E field is confined along the z
axis, so the Poynting vector is most easily represented in
terms of the Ez field, making use of the conversion k	E
=��0�H. The resulting time-averaged Poynting vector has
components

�S2x� =
	Ez	2

2��0
Re
 kx − ik2y��2/�1�

�v
� , �10a�

�S2y� =
	Ez	2

2��0
Re
 k2y + ikx��2/�1�

�v
� . �10b�

The direction of power flow, or angle of refraction,
marked as �2 in Fig. 1, is given by tan �2= �S2x� / �S2y�. Here
we analyze this angle with particular reference to normal
incidence reflection �corresponding to kx=0� off MnF2 at
4.2 K, in an external magnetic field B0 of magnitude
0.1 T. For this material, the relevant parameters are:24

MS=6.0	105 A /m, BA=0.787 T, BE=53.0 T, and �
=0.975 cm−1 /T, corresponding to �r=8.94 cm−1. The

θ1

x

y

Vacuum Antiferromagnet

B0

θ2

FIG. 1. �Color online� Geometry considered in this paper. The
arrows represent the direction of power flow �Poynting vector�.
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damping factor is �=0.0007 cm−1 and the dielectric con-
stant is �=5.5.

We restrict ourselves initially to the idealized case where
there is no damping in the system, i.e., �=0. In this case, �1,
�2, and �v are all wholly real, and k2y can be either wholly
real or wholly imaginary. Equation �5� shows that, at normal
incidence �kx=0 or �1=0�, k2y is real in regions where �v is
positive �the bulk regions� and imaginary in regions where
�v is negative �the reststrahl regions�. In the former case
radiation will propagate into the sample, but in the latter case
it will be wholly reflected, with an evanescent field within
the sample decaying away from the surface. The effect on the
reflectivity spectra is shown in Fig. 2�a�. The regions for
which R
1 are the bulk regions �marked B in the figure�
corresponding to k2y real. The regions of total reflection, R
=1, are the reststrahl regions �marked R in the figure�, with
k2y imaginary.

Inspection of Eq. �10� shows that in general, for kx=0,
�S2x� will be zero and �S2y� nonzero for k2y real �bulk re-
gions�, whereas the converse will be true for k2y imaginary
�reststrahl regions�. Thus �2=0 in the bulk regions, corre-
sponding to power flow normal to the surface, and �2
= �90° in the reststrahl regions, corresponding to energy
flow parallel to the surface, as shown in Fig. 2�b�. The direc-
tion of energy flow parallel to the surface in the reststrahl
regions depends on the sign of B0 �using the notation of Fig.
1� since this determines the sign of �2.

The possibility of power flow parallel to the surface at
normal incidence, which appears somewhat counterintuitive,
can be interpreted as follows. Field continuity requires that
the By component of the electromagnetic field be the same on
both sides of the interface. Clearly, at normal incidence, By is
zero in the vacuum layer so that it must also be zero in the
antiferromagnet, immediately to the right of the interface.
Writing this field in terms of the H field components in the
antiferromagnet, we get

By/�0 = − i�2Hx + �1Hy = 0. �11�

In general �1 is nonzero so that, if �2 is also nonzero �i.e.,
B0�0�, the H field will have both x and y components
within the antiferromagnet, with a phase difference of � /2
between the two components. In practice the oscillating E
field �whose only component is Ez� is in phase �or in an-
tiphase� with one of these H field components and in quadra-
ture with the other one. In the bulk regions Ez is in phase
with Hx and in quadrature with Hy, so only the Ez and Hx
field components contribute to the power flow. The Poynting
vector, and thus the direction of power flow, is perpendicular
to these field components along y �i.e., normal to the inter-
face�. In the reststrahl regions, in contrast, Ez is in quadrature
with Hx and either in phase or in antiphase with Hy, depend-
ing on the sign of �2. The power flow direction is now per-
pendicular to the Ez and Hy components along �x �i.e., par-
allel to the interface�. This power flow is associated with the
evanescent fields within the antiferromagnet, and thus its in-
tensity decays away from the interface.

In the presence of damping �� nonzero�, k2y becomes
complex, and there is no distinct division between bulk and
reststrahl regions, as seen from the reflectivity spectrum in
Fig. 3�a�. �2 is thus no longer restricted to zero or �90°. This
is seen from Fig. 3�b�, which shows that there is now a
continuous variation in �2 with frequency.

III. LATERAL SHIFT OF A REFLECTED BEAM DUE TO
POWER FLOW ALONG THE INTERFACE

As discussed in the previous section, at frequencies cor-
responding to the reststrahl regions, normally incident plane
wave radiation induces power flow, within the antiferromag-
net, along the vacuum/antiferromagnet interface. This sug-
gests that there should be a corresponding lateral displace-
ment, similar to the Goos-Hänchen shift, of a finite beam
upon reflection. In this section we consider how the power

(a)

(b)

FIG. 2. �Color online� Calculated normal incidence �a� reflec-
tivity and �b� �2 values upon reflection off MnF2 in a field of B0

= �0.1 T, assuming �=0, as a function of frequency �expressed as
wave number � /2�c�. In �b� the solid red line is for B0= +0.1 T
and the blue dashed line is for B0=−0.1 T. The vertical dashed
lines in �a� separate the bulk regions �marked as B� from those of
reststrahl regions �marked as R�.

(a)

(b)

FIG. 3. �Color online� Calculated normal incidence �a� reflec-
tivity and �b� �2 values upon reflection off MnF2 in a field of B0

= �0.1 T, assuming �=0.0007 cm−1. In �b� the solid red line is for
B0= +0.1 T and the blue dashed line is for B0=−0.1 T.
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flow associated with the evanescent wave in the antiferro-
magnet induces such a shift. Our model, which investigates
the shift in the wide beam limit, is similar to that employed
by Renard18 to describe the classical Goos-Hänchen shift on
total internal reflection.

If the incident beam is sufficiently wide, there will be a
central portion of the beam which can be considered as a
plane wave of constant intensity. At either side of this central
portion the intensity will gradually decrease to zero. This is
represented schematically in Fig. 4. In this figure the central
portion of constant intensity lies between x2 and x3, with the
intensity decaying to zero between x2 and x1 and between x3
and x4. Obviously in practice the positions of x1, x2, x3, and
x4 are not as distinct as shown in the figure, but this does not
affect the general model. We consider the case of zero damp-
ing for which we must have conservation of energy flow. The
plane wave portion of the beam between x2 and x3 will fol-
low the behavior described in the previous section, so, at
reststrahl frequencies, there should be a corresponding en-
ergy flux P2 �assumed positive in the figure� parallel to the
interface within the antiferromagnet. Conservation of energy
flux therefore requires that there must be a net flux P1 enter-
ing in the region near one edge of the beam and a net flux P3
leaving the surface in the region near the other. This is
equivalent to a lateral shift Dr of the reflected beam with
respect to the incident beam. Thus P1 enters in the region
between x1 and x2+Dr and P3 leaves in the region between
x3 and x4+Dr. In the region between x2+Dr and x3 the inci-
dent and reflected fluxes cancel, so the net flux is zero.

We consider energy flow within a slice, of thickness �z,
in the xy plane. Since all energy flows occur in the xy plane,
there must be energy conservation within this slice, i.e., P1
= P2= P3. From Fig. 4, one can see that the net flux P1 en-

tering at the lower edge of the incident beam is given by

P1 = �
x1

x2

�Si�x���zdx + �
x2

x2+Dr

�Si�x���zdx

+ �
x1+Dr

x2+Dr

�Sr�x���zdx , �12�

where �Si�x�� and �Sr�x�� are a measure of the local intensi-
ties, represented in terms of time-averaged Poynting vectors
along y of the incident and reflected waves, respectively.
Now, assuming that the shape of the reflected beam is the
same as that of the incident beam �the validity of this as-
sumption will be verified using the angular spectrum model
in the next section�, we have

�Si�x�� = − �Sr�x + Dr�� �13�

so that the first and last terms on the right-hand side of Eq.
�12� cancel. The remaining integral is performed within the
range from x2 to x2+Dr, corresponding to the central portion
of the incident beam. In this region the incident time-
averaged Poynting vector is maximum and has a constant
value �Smax�. Equation �12� thus reduces to

P1 = �Smax��zDr, �14�

where �Smax� is given, in terms of the incident field Emax
within the central region of the beam, by

�Smax� =
k0	Emax	2

2��0
. �15�

Within the antiferromagnet, the overall energy flux P2
along x is given by

P2 = �
0



�S2x�y���zdy , �16�

where we take y=0 to be at the surface of the antiferromag-
net. Now P2 is simply the flux parallel to the surface due to
a normally incident plane wave of intensity �Smax�. �S2x�y�� is
therefore given by Eq. �10� with kx=0 and Ez equal to

Ez�y� = tEmax exp�ik2yy� . �17�

In the above, k2y is obtained from Eq. �5� and t from Eq. �8�.
Making the appropriate substitutions into Eqs. �14� and

�16� and putting P1= P2, we get, after some algebra,

Dr =
2��2/�1�
k0��v − ��

. �18�

Thus we see that, in the absence of absorption, simple energy
conservation principles may be used to predict a lateral shift
of the reflected beam at frequencies within the reststrahl re-
gions. This shift displays distinct nonreciprocal behavior as-
sociated with the presence of the static field B0. Thus, if we
were to imagine a reversal in the direction of the reflected
beam in Fig. 4, so that it became a new incident beam, we
would see that the energy would not return along its original
path. Instead, within the antiferromagnet, it would travel in
the positive x direction, thus causing a further positive shift
Dr in the new reflected beam. If, on the other hand, the

x

y

Vacuum Antiferromagnet

B0

x1+Dr

Net energy flux
P1 entering

antiferromagnet

Net energy flux
P3 leaving

antiferromagnet

No net
energy flux

Energy flux P2

parallel to
interface

x1

x2+Dr

x2

x3+Dr

x3

x4+Dr

x4

FIG. 4. �Color online� Model of lateral displacement of reflected
beam in the reststrahl regions in terms of power flow along the
antiferromagnet surface.

LIMA et al. PHYSICAL REVIEW B 79, 155124 �2009�

155124-4



direction of B0 was also reversed, the energy within the an-
tiferromagnet would travel in the negative x direction and
would once again trace its original path.

IV. ANGULAR SPECTRUM MODEL OF THE LATERAL
SHIFT

The energy conservation analysis used in Sec. III to pre-
dict the lateral shift Dr, given by Eq. �18�, assumes total
reflection of the incident beam. Thus it is applicable to re-
flection in the reststrahl regions in the absence of damping.
However, in our previous paper,10 an angular spectrum
analysis, similar to that of McGuirk and Carniglia,17 was
used to predict the lateral shift of the reflected beam in both
the reststrahl regions and the bulk regions, irrespective of
damping. This analysis interprets the lateral shift as essen-
tially an interference effect. Here we summarize the model
and compare its results with those predicted in Sec. III. As
before, the model is valid or is a sufficiently wide beam.

In the angular spectrum representation, we consider the
incident beam as a sum of plane waves of the form

Ei�x,y� = �
−k0

k0

��kx�exp�i�kxx + k1yy��dkx, �19�

where ��kx� is a distribution function representing the shape
of the beam. At the sample surface, which we place at y=0,
the electric field of the incident beam becomes

Ei�x,0� = �
−k0

k0

��kx�exp�ikxx�dkx, �20�

with a corresponding reflected beam whose electric field at
the surface is given by

Er�x,0� = �
−k0

k0

r�kx���kx�exp�ikxx�dkx. �21�

Here r�kx� represents the complex reflection coefficient for
the relevant plane wave component and is given by Eq. �7�.
It is convenient to consider this complex coefficient in terms
of amplitude �r and phase �r; i.e.,

r�kx� = �r�kx�exp�i�r�kx�� . �22�

For a typical beam, there will be a narrow distribution of kx
values. In the case of normal incidence, this distribution will
be centered around kx=0. If we expand �r and �r as a Taylor
series around kx=0, it is straightforward to show that, to a
good approximation, Eq. �21� can be written as10

Er�x� = r�0��
−k0

k0

��kx�exp
ikxx + � d�r

dkx
�

kx=0
��dkx,

�23�

where r�0� is the normal incidence plane wave reflection
coefficient. It is thus seen that the integral that gives the
shape of the reflected beam �Eq. �23�� is the same as that for
the incident beam �Eq. �20�� except that x has been replaced
by x+d�r /dkx 	kx=0; i.e., the reflected beam has been shifted

along the surface of the sample by a distance Dr equal to

Dr = − �d�r

dkx
�

kx=0
. �24�

The above argument shows that a nonzero lateral dis-
placement Dr in the reflected beam at normal incidence re-
quires nonreciprocity in the reflected phase; i.e., �r�kx�
��r�−kx�. The importance of this nonreciprocity can be un-
derstood when one notes that the Eq. �21�, representing the
profile of the reflected field, can be rewritten as

Er�x,0� = �
0

k0

�r�kx���kx�exp�ikxx�

+ r�− kx���− kx�exp�− ikxx��dkx. �25�

We consider the case of a symmetrical incident beam so that
��kx�=��−kx�. Thus, if r�kx�=r�−kx� �reciprocal reflection�,
then Er�x ,0�=Er�−x ,0�; i.e., the reflected beam is symmetri-
cal around x=0 in the same way as the incident beam. If,
however, r�kx� and r�−kx� have different phases, then
Er�x ,0��Er�−x ,0�, amounting to a lateral shift of the re-
flected beam. The shift can thus be interpreted in terms of the
interference between the two terms in the integral of Eq.
�25�.

A straightforward analysis of Eq. �7� shows that the non-
reciprocity condition �r�kx���r�−kx� is satisfied upon re-
flection off an antiferromagnet in the Voigt geometry.20 Fur-
thermore, in the absence of damping, the reflection
coefficient r can easily be resolved into its real and imagi-
nary parts, allowing explicit evaluation of Eq. �24�. This
leads exactly to the lateral shift predicted from energy con-
servation considerations �Eq. �18�� in the reststrahl regions.
However, we now find that a shift should also occur at fre-
quencies corresponding to the bulk regions and that such a
shift should also be given by Eq. �18�. Figure 5�b� shows the
shift Dr calculated in both reststrahl and bulk regions close to
the upper reststrahl region �Fig. 5�a� shows the reflectivity
plot in the same region for comparison�. Nonzero shifts are
observed in both regions, with a discontinuity at the reflec-
tion minimum, corresponding to �v=�. At frequencies
around the lower reststrahl region there is a similar shift but
of opposite sign.

In the presence of damping, we can still use Eq. �24�,
evaluated numerically. However, in practice, the calculated
lateral shift is almost identical to that obtained in the absence
of damping.10

The same argument as used to predict a displacement Dr
of the reflected field also predicts a displacement Dt of the
field transmitted into the sample. This displacement is thus
given by

Dt = − �d�t

dkx
�

kx=0
, �26�

where �t is the phase change in the field transmitted across
the interface. In the absence of damping this gives
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Dt =
��2/�1�

k0��v − ��
�27�

in the reststrahl regions and

Dt =
��2/�1�

k0��v + ���v�1/2�
�28�

in the bulk regions.
The variation in Dt with frequency is shown in Fig. 5�c�.

Note that, although both Eqs. �27� and �28� are obtained
directly from Eq. �26�, their physical interpretation is rather
different. In the case of the reststrahl regions, the field in the
antiferromagnet is evanescent, and power flow is along the
surface, as discussed in the previous section. The field inten-
sity within the antiferromagnet should be expected to reach a
maximum at a position halfway between the maxima of the
incident and transmitted beams; i.e., Dt=Dr /2. This is ex-
actly what Eq. �27� shows and can be seen graphically by
comparing Figs. 5�b� and 5�c� at reststrahl region frequen-
cies.

At bulk region frequencies, a beam propagates into the
antiferromagnet normal to the interface. Equation �28� thus
represents the lateral displacement of the field associated
with this propagating beam with respect to that of the inci-
dent beam. For most �but not all� frequencies corresponding

to the bulk regions, Dt and Dr have opposite signs; i.e., the
lateral displacement of the transmitted field is in the opposite
direction to that of the reflected field. This can be best inter-
preted using the example of a specific beam profile, such as
that of a Gaussian beam. This will be done in the following
section.

V. ENERGY FLOW ASSOCIATED WITH NORMAL
INCIDENCE REFLECTION OF A GAUSSIAN BEAM

From the previous section we see that, in the reststrahl
regions, the angular spectrum model is in exact agreement
with the result expected from the energy conservation model
of Sec. III as long as damping is ignored. However, the an-
gular spectrum model makes further predictions, not covered
by the theory of Sec. III, for frequencies outside the reststrahl
regions.

In order to investigate energy flow in the reststrahl regions
in further detail, and extend the study of energy flow to the
bulk regions, we consider the specific case of normal inci-
dence reflection of a Gaussian beam. The basic behavior is
analyzed assuming zero damping since we then have zero
absorption and thus flux continuity. However, we also briefly
discuss the changes that occur when damping is taken into
account.

We consider an incident Gaussian beam, focused onto the
sample, in the form of Eq. �19� with16

��kx� =
g

2��
exp−

g2kx
2

4
� , �29�

where 2g represents the beam width in the focal plane �the
sample surface�. At the sample surface the incident beam
profile is thus represented by Eq. �20� and the reflected beam
profile by Eq. �21�. We have, in general, retained the limits of
�k0 for the integrals since limits of �, which would give
strict Gaussian beams, would involve unrealistically large
evanescent fields for y
0.25

Since the effects are more easily demonstrated for narrow
beams, we take g=�, the free space wavelength of the radia-
tion used. It should be remembered, however, that the theo-
ries of Secs. III and IV both assume wide beams. Neverthe-
less, provided that the reflectivity is not too small, the
theoretical results presented in these sections have, in prac-
tice, been found to hold well even for beams as narrow as
this.10

We consider Gaussian beams at the three frequencies
marked as A �9.0769 cm−1�, B �9.0994 cm−1�, and C
�9.0705 cm−1� in Fig. 5�a�. We take B0= +0.1 T. At all three
frequencies the lateral shift of the reflected beam should be
negative, as seen from Fig. 5�b�. Frequency A shows the type
of behavior expected in the reststrahl regions. The lateral
shift of the electric field profile in this case is in the same
direction as that of the reflected beam �Dr and Dt have the
same sign�. Frequency B is representative of most of the bulk
region frequencies, with Dr and Dt having opposite signs.
Frequency C represents the narrow region between the re-
flection minimum and the reststrahl region. This is also a
bulk region frequency, but in this case Dr and Dt have the
same sign.

(b)

(c)

(a)

FIG. 5. �Color online� �a� Reflectivity, �b� lateral displacement
of reflected field Dr, and �c� lateral displacement of transmitted field
Dt as a function of frequency for normal incidence reflection off
MnF2 in an external magnetic field of �0.1 T. In �b� and �c� the
solid red curves are for B0= +0.1 T and the blue dashed curves are
for B0=−0.1 T. The vertical green dashed lines mark the edges of
the reststrahl regions. The marked frequencies are A: 9.0769 cm−1;
B: 9.0994 cm−1; and C: 9.0705 cm−1.
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In the incident �vacuum� layer, the beam intensity profiles
are well represented by 	E	2. The calculated profiles of the
incident and reflected beams at the sample surface are shown
in Fig. 6, both with and without damping. It can be seen that
there is a shift of the reflected beam in excellent agreement
with the theoretical result predicted by Eq. �18� �vertical
dashed lines� in all cases despite the narrowness of the
Gaussian beam used in the simulation. It is also seen that
damping has no significant effect on this shift, although in
general it reduces the intensity of the reflected beam due to
absorption �in the case of frequency B, however, the damped
and undamped curves are almost coincident�. In the reststrahl
region, the beam is totally reflected in the absence of damp-
ing but partially absorbed in the presence of damping �Fig.
6�a��. In the bulk regions, the reflected beam is smaller than
the incident beam in all cases.

In order to investigate the power flow in the xy plane we
must first calculate the field distribution throughout the
plane. The incident electric field profile is given by Eq. �19�,
with the reflected and transmitted field electric profiles given
by

Er�x,y� = �
−k0

k0

r�kx���kx�exp�i�kxx − k1yy��dkx �30�

and

Et�x,y� = �
−k0

k0

t�kx���kx�exp�i�kxx + k2yy��dkx, �31�

respectively.
The profiles of the resulting field amplitudes, assuming

zero damping, for the three frequencies—A, B, and C—are
shown in Fig. 7. In each case the left-hand panel shows both
the profile of the incident field Ei �in the region y
0� and
that of the transmitted field Et �in the region y�0�. The
right-hand panel shows the profile of the reflected field Er,
displaced along x in the manner already seen in Fig. 6. The
transmitted fields are also seen to be displaced as predicted

(b)

(c)

(a)

FIG. 6. �Color online� Intensity profiles, along the sample sur-
face, in the case of reflection of a normally incident Gaussian beam,
of width g=�, off MnF2 in an external magnetic field of 0.1 T. Solid
red curve: incident beam; dotted blue curve: reflected beam in the
absence of damping; and dashed blue curve: reflected beams with
�=0.0007 cm−1. �a� Frequency A �9.0769 cm−1�; �b� frequency B
�9.0994 cm−1�; and �c� frequency C �9.0705 cm−1�. In each case
the solid vertical green line at x=0 represents the center of the
incident beam, and the vertical dashed line represents the center of
the reflected beam predicted by Eq. �18�. In �b� the reflected inten-
sities with and without damping are almost identical and the curves
cannot be separated.

(c)

(b)

(a)

FIG. 7. �Color online� Profiles of the amplitudes of the incident,
transmitted, and reflected E fields �Ei, Et, and Er, respectively� in
the case of reflection of a normally incident Gaussian beam, of
width g=�, off a semi-infinite sample of MnF2 in an external mag-
netic field of 0.1 T, in the absence of damping. �a� Frequency A
�9.0769 cm−1�; �b� frequency B �9.0994 cm−1�; and �c� frequency
C �9.0705 cm−1�. The solid vertical black line represents the sur-
face of the sample, and the horizontal dashed line at x=0 is a guide
to the eyes showing the central axis of the incident beam. Note that,
for the sake of clarity, the horizontal scale �y� is expanded with
respect to the vertical scale �x�.
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by Eqs. �27� and �28�. The figure also confirms that in the
reststrahl regions �Fig. 7�a�� the transmitted field is evanes-
cent, decaying away from the interface, whereas in the bulk
regions �Figs. 7�b� and 7�c�� there is no decay in the absence
of damping.

In order to calculate the power flow, we also need the
magnetic component H of the electromagnetic field. This
may be obtained at any position in the xy plane by applying
k	E=��0�H to each plane wave component in the inte-
grals of Eqs. �19�, �30�, and �31� and performing the appro-
priate integration in terms of the H field. The time-averaged
Poynting vector is then given by Eq. �9�. In practice, our
main interest is in the overall energy flux, so we calculate the
Poynting vector from the overall fields. Thus in the region
y
0 the Poynting vector is obtained from the sum of the
incident and reflected fields, whereas in the region y�0, it is
obtained from the transmitted field only.

The Poynting vector calculated in this way gives both the
power flow intensity and the direction of power flow at each
point. This allows us not only to plot the Poynting vector
intensity but also, in the absence of absorption, to trace the
path of the associated flux lines. This leads to a flux flow
pattern analogous to that calculated by Lai et al.19 for the
more conventional Goos-Hänchen shift.

We show both the power flow intensity and the flux line
pattern in Fig. 8. In each case, the flux lines are calculated as
follows. First of all the �Sy� values are calculated along the x
axis on the left of the figure �y=−0.005 cm in this case�.
Since, at the start of the lines, we are only interested in
energy entering from the left, the negative �Sy� values are
ignored. The integration �−

 �Sy�dx is then evaluated numeri-
cally �in practice using finite limits� over the remaining posi-
tive values. In the case of eight flux lines, the start of each
line is chosen such that the integration ��Sy�dx between ad-
jacent lines is one-ninth of the overall integral. In this way
the line spacing is inversely proportional to the power flow
intensity. For each flux line, the direction of power flow at
the start of the line is calculated from the time-averaged
Poynting vector, and a short �in principle infinitesimal� line
is traced along this direction. The end of this line then serves
as the new starting point. The power flow direction is once
again calculated, and a new short line traced. The process is
repeated many times until the whole flux line is traced out.

The power flow pattern at frequency A, in the reststrahl
region, is shown in Fig. 8�a�. Here the situation is similar to
that discussed in Sec. III. For x�−0.01 cm, in the upper
region of the figure, the incident intensity is greater than the
reflected intensity �see Fig. 6�a�� so that the overall power
flow is to the right. At x�−0.01 cm, the incident and re-
flected beams cancel, whereas for x�−0.01 cm, the re-
flected beam dominates and the overall power flow is to the
left. This behavior is consistent with flux continuity if we
have energy flow along the surface within the antiferromag-
net in the negative x direction, following the flux line pattern
in Fig. 8�a�. It is seen that that, since the incident beam is not
a single plane wave, the flux lines within the antiferromagnet
are not, in general, exactly parallel to the surface. However,
it must be remembered that the horizontal scale is consider-
ably expanded with respect to the vertical scale so that the
flux lines are nevertheless very nearly parallel to the surface.

It is also seen that the flux line spacing, taking into account
the difference between the horizontal and vertical scales, is
much smaller within the antiferromagnet than in the incident
medium �vacuum�. This is consistent with a higher power
flow intensity within the antiferromagnet, decaying rapidly
away from the surface, as shown in the contour plot.

Figure 8�b� shows the energy flux at frequency B, in the
bulk region, with power flow in the antiferromagnet perpen-
dicular to the surface, in agreement with the plane wave
predictions of Sec. II. It is seen from Fig. 6�b� that, at this
frequency, the reflected beam is less intense than the incident
beam for all values of x. Thus the net power flow in the
vacuum is always to the right. Since there is a slight negative
shift of the reflected beam along x, the profile of the overall
flux �incident flux minus reflected flux� suffers a positive
shift with respect to the incident beam. Flux continuity im-
plies that this shift must also be transferred to the transmitted
beam, and this is indeed what is observed in Fig. 8�b�. This is
qualitatively consistent with a positive shift of the transmit-
ted E field as seen in Fig. 7�b�.

Although both the E-field profile in Fig. 7�b� and the en-
ergy intensity profile in Fig. 8�b� show a positive lateral dis-
placement of the transmitted beam, the displacement in Fig.
8�b� is somewhat less than that in Fig. 7�b�. This suggests
that, within the antiferromagnet, simple examination of the
E-field distribution does not give a full picture of the beam
displacement. In the bulk regions, at which the transmitted
power flow is normal to the surface, the magnitude of the
time-averaged Poynting vector �Sy� is given by
1 /2 Re�EzHx

��. In practice, both Ez and Hx are wholly real at
these frequencies. A good understanding of the field contri-
butions to the power flow can therefore be gained by com-
paring Re�Ez� with Re�Hx� since �Sy� varies as the product of
these two quantities. Such a comparison of the transmitted
field profiles is presented in Fig. 9�a�. It is seen that the two
profiles are significantly different. Thus, although the Ez field
profile is displaced along the interface in the positive x di-
rection, the Hx field profile is not. In fact, it is slightly dis-
placed in the negative x direction. This explains why the
displacement of the transmitted beam, expressed in terms of
power flow, is somewhat less than would be predicted from
the E-field profile.

Figure 8�c� shows the energy flux at frequency C, be-
tween the reflection minimum and the lower edge of the
reststrahl region. Once again, since this frequency lies within
the bulk region, power flow within the antiferromagnet is
perpendicular to the surface. The predominant behavior is
the same as that observed at frequency B. Thus, for x�
−0.08 cm, there is an overall power flow to the right, later-
ally displaced in the opposite direction to the displacement of
the reflected beam. For x�−0.08 cm, however, the overall
power flow is to the left, as shown by the arrows in the lower
part of the figure. Note that these arrows are merely indica-
tive of the direction of power flow and were not obtained
from a continuation of the flux lines in the upper part of the
figure. This behavior is consistent with the profiles of the
incident and reflected beams shown in Fig. 6�c� having an
incident intensity greater than the reflected intensity for x�
−0.08 cm and a reflected intensity greater than the incident
intensity for x�−0.08 cm.

LIMA et al. PHYSICAL REVIEW B 79, 155124 �2009�

155124-8



Comparison of Figs. 8�c� and 7�c� shows that, within the
antiferromagnet, the profile of the power flow intensity is
now very different from that of the electric field. The latter is
displaced in the negative x direction, whereas the former is
displaced in the positive x direction, with a small amount of
energy returning along −y for x�−0.08 cm. We can once
again reconcile this difference by comparing the transmitted
Ez and Hx fields. The profiles along x of the real parts of
these fields are shown in Fig. 9�b�. As before, there are no
imaginary parts. We again see that Re�Ez� profile retains its
Gaussian form, and it is always positive. The Re�Hx� profile
is completely different, however, being positive for x�
−0.08 cm and negative for x�−0.08 cm. Since, in the ab-
sence of imaginary field components, �Sy�= 1

2Re�Ez�Re�Hx�,
power flow is to the right when this product is positive and to
the left when it is negative, in agreement with the results
shown in Fig. 8�c�.

One aspect of Fig. 8�c� that requires special attention is
that the leftward energy flow shown for x�−0.08 cm ap-
pears to be in conflict with the principle of causality since
there is no obvious source for this energy and energy flow is
strictly normal to the surface at y=0 �corresponding to the
focal plane of the Gaussian beam�. However, if we examine
x values close to x=−0.08 cm and look several centimeters
into the sample �i.e., a large distance from the focal plane�,
we do find that some flux lines return along the negative y
direction for x�−0.08 cm. This is seen from Fig. 10, which
shows power flow in the antiferromagnet within a narrow x
range but extending to large y. This figure thus confirms that
the leftward energy flow seen in Fig. 8 does not violate any

(a)

(b)

(c)

FIG. 8. �Color online� Overall power intensity, normalized with
respect to the center of the incident beam, and flux lines in the case
of reflection of a normally incident Gaussian beam, of width g=�,
off a semi-infinite sample of MnF2 in an external magnetic field of
0.1 T, in the absence of damping. �a� Frequency A �9.0769 cm−1�;
�b� frequency B �9.0994 cm−1�; and �c� frequency C
�9.0705 cm−1�. The solid vertical black line represents the surface
of the sample. Note that, for the sake of clarity, the horizontal scale
�y� is expanded with respect to the vertical scale �x�. The arrows in
the bottom half of �c� are intended only to show the direction of
power flow, and were not obtained directly from a continuation of
the flux lines.

(a)

(b)

FIG. 9. �Color online� Profiles, along the sample surface, of the
real parts of the transmitted Ez �solid red line� and Hx �dashed blue
line� fields, in arbitrary units, at bulk region frequencies. �a� Fre-
quency B �9.0994 cm−1�; �b� frequency C �9.0705 cm−1�. Note
that these fields have no imaginary parts.
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energy conservation principles. Note that the integrals used
in the calculation of Fig. 10 had limits of �10k0 �as opposed
to �k0 used in the other calculations� in order to avoid spu-
rious effects associated with truncation of the integral.

We finally examine how the inclusion of damping affects
the analysis. Figure 11 shows energy flow in the presence of
damping for all three frequencies. We have not attempted to
follow the flux lines since there is now no flux continuity.
The length of the energy flow arrows is, however, intended to
indicate the power flow intensity on a logarithmic scale.

Figure 11�a� shows the power flow at frequency A in the
reststrahl region. The power flow is similar to that seen with-
out damping, but we now see that, within the antiferromag-
net, the direction of power flow is no longer along the con-
tour lines. Overall there is less power returning along the −y
direction than in the undamped case. Nevertheless, there is
overall power flow to the left for x�−0.03 cm, as expected
from Fig. 6. It must be remembered, however, that MnF2 has
extremely low damping in comparison with most systems,
and in other systems it is likely that there will be no overall
leftward energy flow at any x value.

At frequency B, shown in Fig. 11�b�, the behavior is al-
most identical to that seen in Fig. 8�b� with no damping
present. This frequency is sufficiently distant from the reso-
nance frequency for damping to be unimportant.

The situation at frequency C in the presence of damping
�Fig. 11�c�� is noticeably different from the undamped case
�Fig. 8�c��. The power transmitted into the antiferromagnet is
no longer perpendicular to the surface. One effect of this is
that there can be an overall power flow to the left at the
bottom part of the figure without the need for the large pen-
etration into the antiferromagnet that occurs for zero damp-
ing �Fig. 10�. The overall behavior is now very similar to that
in the reststrahl region, with the distinction between the bulk
and reststrahl regions being ill defined in the presence of
damping.

FIG. 10. �Color online� Details of power intensity and flux lines
close to x=−0.08 cm within a semi-infinite sample of MnF2 in the
case of the reflection shown in Fig. 8�c�. In this figure, the vertical
scale �x� is expanded with respect to the horizontal scale �y�.

(a)

(b)

(c)

FIG. 11. �Color online� Overall power intensity and direction in
the case of reflection of a normally incident Gaussian beam, of
width g=�, off a semi-infinite sample of MnF2 in an external mag-
netic field of 0.1 T, with �=0.0007 cm−1. �a� Frequency A
�9.0769 cm−1�; �b� frequency B �9.0994 cm−1�; and �c� frequency
C �9.0705 cm−1�. The solid vertical black line represents the sur-
face of the sample. Note that, for the sake of clarity, the horizontal
scale �y� is expanded with respect to the vertical scale �x�.
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VI. CONCLUSIONS

The above analysis shows that power flow upon reflection
of a normally incident beam off an antiferromagnet is con-
sistent with the plane wave result, which gives power flow
parallel to the surface in the reststrahl regions and normal to
the surface in the bulk regions. A lateral displacement of the
reflected beam is possible in either region. In the reststrahl
regions, this displacement is in the direction of power flow
along the interface and can be anticipated using power con-
servation principles. In the bulk regions a displacement of
the transmitted beam, in the direction opposite to that of the
reflected beam, is necessary to ensure flux continuity. The
unusual energy flow behavior found, in the absence of damp-
ing, between the reflection minimum and the bottom of the
reststrahl region �represented here by frequency C� does not
appear ultimately to violate any energy conservation prin-

ciples. However, the situation is somewhat more straightfor-
ward in the presence of damping, and the power flow is in
this case similar to that in the reststrahl regions.

Although the analysis has been performed in the case of
reflection off an antiferromagnet, it should be noted that the
unusual behavior described in this paper is due to the form of
the permeability tensor in Eq. �1�. In principle, the same type
of behavior could also be expected in other materials such as
ferromagnets, which also have a gyromagnetic permeability
of this form.
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